Abstract: The saturated Output-Feedback (OF) control problem for a class of four-state anaerobic digestors with volatile fatty acids (VFAs) measurement is addressed. The reactor must operate about an optimal steady-state, with maximum VFA consumption, that is locally stable but not structurally unstable. The problem is addressed as an interlaced control-observer design within a geometric control framework in the light of passivity, observability, and bifurcation properties. The result is a saturated linear PI OF controller with global robust stability conditions in terms of control gains and limits. The proposed approach is illustrated with a representative case example through numerical simulations.
INTRODUCTION
Due to lower initial and operating costs, shorter hydraulic retention times, lower sludge production, and higher organic load removal combined with a net energy benefit through the production of biogas (a mixture of methane and carbon dioxide), anaerobic digestion (AD) processes are known to yield better overall performance than aerobic processes. However, the widespread application of AD processes has been limited by the difficulty of designing a reliable control scheme on the basis of its complex kinetics and physical constraints. Since the AD process is openloop unstable, variations on the input variables (hydraulic flowrate, influent organic load) lead to washout (Baileys and Ollis, 1986) . The control problem is further hindered by the lack of on-line measurements of key variables, constrained inputs, and badly known growth kinetics (Steyer et al., 2006) . These considerations motivate the development of robust output-feeback (OF) control schemes with reduced model dependency for the operation of AD reactors at optimal VFA degradation or biogas production conditions. This control problem has been addressed with local and non-local stability approaches. Sbarciog et al. (2011) developed a model-based time-optimal bang-bang-like constrained control scheme with non-local stability. Mailleret et al., (2004) presented an unconstrained robust OF control scheme with non-local stability. Mendez-Acosta et al. (2010) proposed a nonlinear saturated OF controller with local stability. Antonelli et al (2003) presented a saturated nonlinear PI controller with non-local stability. Eventhough these studies provide valuable insight into the complex saturated OF control problem, they lack (i) systematicity and simplicity of the implementation and tuning procedures, and (ii) robust closed-loop stability with respect to time-varying feed perturbations and kinetic model uncertainty. Two and three-state open-loop unstable bioreactors with inhibited kinetics have been stabilized at maximum production rate by means of saturated PI linear control (Schaum et al., 2012 which recovers the behavior of a detailed model-based nonlinear stabilizing robust SF controller. The extension of this result to the four-state AD motivates the present study.
Here, the problem of non-locally robustly stabilizing a four-state open-loop unstable AD with a saturated linear PI controller, that recovers (up to integral action dynamics) the behavior of a detailed model-based nonlinear globally stabilizing SF controller, is addressed. The problem is positively resolved by combining notions and tools from: invariant stoichiometric sets (Gavalas, 1968) , stability assessment on the basis of bifurcation-based control limits (Alvarez et al., 1991 ) and Seibert's Reduction Principle (RP) (Seibert, 1969) , and interlaced observercontrol design Diaz-Salgado et al., 2011; Schaum et al., 2012) along constructive control ideas (Sepulchre et al., 1997; El-Farra and Christofides, 2003) .
CONTROL PROBLEM
Consider a continuous bioreactor with substrate feed (at dimensionless concentrations s f 1 and s f 2 ) and conversion according to the reaction scheme
where the σ i are the stoichiometric coefficients, S 1 is the organic substrate, S 2 are the volatile fatty acids, B 1 is the acidogenic biomass, and B 2 is the methanogenic biomass. The corresponding mass balances yield the dynamic control system (Baileys and Ollis, 1986) 
where
Here, s i , b i , s f i , i = 1, 2 are the dimensionless substrate, biomass, and feed concentrations (i.e., referred to a reference concentration), θ is the dimensionless dilution rate (i.e. the inverse residence time), ρ i , i = 1, 2 are the kinetics of the acidogenic and methanogenic biomass growth, y is the VFA measurement, and P is the VFA consumption rate, S 0 (and D 0 ) is the reference substrate concentration (or dilution rate) value (to be determined). The kinetics function ρ 1 (or ρ 2 ) with monotonic Monod (or nonmonotonic Haldane) dependency is given by
and k i0 , i = 1, 2 are the mass action, k 2i the substrate inhibition, and k is , i = 1, 2 the substrate saturation coefficients. In compact vector notation the reactor model (2) with exogenous input d, input (or state) space Θ (or X)
is written aṡ
Due to mass conservation, X is a candidate for control design. Without restricting the approach, here the VFAs concentration is the measured output.
Our saturated SF/ OF control problem consists in designing a saturated OF controller that globally and robustly stabilizes in X the steady-state (SS)x of maximum VFA consumption rate P (2). We are interested in drawing closed-loop (CL) robust stability conditions in terms of the controller gains and saturation limits.
OPEN-LOOP ANALYSIS
Here, the digestor open-loop behavior is characterized on the basis of the notion of invariant sets (Seibert, 1969) .
The application of the coordinate change
takes the reactor into the forṁ
Equation (9) implies that the state trajectory x(t) converges to the invariant set Σ which contains the (possibly multiple) equilibrium points, this is,
Hence, the reactor dynamics on Σ are given bẏ
and the associated statics are given by the equations
. This equation pair states that the washout state
is always an equilibrium point in the vertex Σ w1 ∩ Σ w2 .
In the set Σ\ Σ w1 ∪ Σ w2 , the SSs are determined by the solutions of the algebraic equation pair
By virtue of the s 1 -monotonicity of ρ 1 (3), the first equation can be uniquely solved for s 1 . Thus, for given θ, the solutions for s 2 of (14) are determined by the equation
(15) By the non-monotonicity of ρ 2 , there exist values (15) According to the definition of VFA consumption rate P = θ(s 2f − s 2 ) (2), for given (s 1f , s 2f ) the optimal operation SS is given bȳ
where σ 0 is the unique optimal solution for s 2 of the eq.
. which: (i) stems from the maximization of the SS value value of the consumption rate P (2), and (ii) implies that s 2 = σ o is in the isotonic branch of the kinetics ρ 2 , possibly close to the maximum value ρ * 2 of ρ 2 . Due to property (4), the situation θ * > max ρ 1 is ruled out. The preceding analysis in conjunction with standard bifurcation tools yields the next proposition (where GAS denotes globally asymptotically stable, and U means unstable 
GLOBALLY STABILIZING SATURATED SF CONTROL
On the basis of Seibert's Reduction Principle (Seibert, 1969) , In this section an auxiliary globally stabilizing saturated SF controller is designed. The aim is to set the behavior recovery target of the saturated OF controller design (addressed in the next section).
According to Seibert's Reduction Principle, the open-loop LAS but possibly not structurally stable optimal SSx is the unique closed-loop global attractor in X if the stoichiometric set Σ is a global attractor for X, and in Σ the optimal SSx is structurally stable and GAS.
Enforce the linear regulation dynamics for the VFAs concentration s 2 (17-a) to obtain the SF controller (17-b)
and write its saturated version
From Section 3 we know that the closed-loop SSs lie in Σ (10) and are given by the solutions of the equations
which state that (i) the washout x w (13) is always a closedloop SS, and (ii) in Σ\ Σ w1 ∪ Σ w2 the other SSs are determined by the solutions of the equation pair By construction, the two curves (20) intersect themselves ats 2 . If there is another intersection with s 2 corresponding to a stable (or unstable) SS, the corresponding SS is (or is not) a straneous attractor (Alvarez et al., 1991; Schaum et al., 2012) . Thus,x is the unique GAS attractor in Σ (without straneous attractors) if and only if there is one intersection at (θ,s 2 ), and the additional intersections (including the washout) correspond to repulsor SSs. This result is stated in the next proposition.
Proposition 2. (Proof in Appendix A.)
Let (θ,x) denote the optimal operation pair, and θ * (or θ * ) denote the lower (or upper) bifurcation value of θ. Then there exists a sufficiently small gain k so that the optimal SSx is the unique robust GAS attractor in X\x w (X without the washout SS x w ) if the control limits (θ − and θ + ) satisfy the conditions θ − < θ * , θ + > θ * .
(21) whith respect to the bifurcation values (θ * and θ * ) 3
The saturated controller (18) is passive (Sepulchre et al., 1997) , because the zero dynamics (i.e., equations (8) with s 2 =s 2 ) are GAS, and the relative degree with respect to the input-output pair (θ, s 2 ) is one. Accordingly, the derived robust stability result can be understood as a specification of the general connection between passivity, robustness and optimality (Sepulchre et al., 1997; El-Farra and Christofides, 2003) .
OUTPUT-FEEDBACK CONTROL
In this section, the behavior of the auxiliary exact modelbased robust nonlinear saturated SF static controller (18) is recovered (up to observer convergence) with a saturated PI controller.
Simplified model for control design
Here a simplified model for OF control is tailored according to passivity and observability properties. For this aim, write the dynamics of the controlled state s 2 as followṡ
where ̟ = θ(s f 2 −s 2 )+σ 12 ρ 1 b 1 +σ 2 ρ 2 b 2 +aθ, a ≈s 2 > 0 (23) Drop the static nonlinear component v = ̟ in (22), enforce the slowly-varying load assumption (|v/v| ≪ ω) with respect to the observer convergence rate ω and obtain the linear model s 2 = −aθ +v,v ≈ 0, y = s 2 , rd(θ, y) = rd(v, y) (24a-c) which satisfies the matching condition (Freeman and Kokotovic, 1996) . The output derivation yields v =ẏ + aθ (25) meaning that the load v is instantaneously observable (Hermann and Krener, 1997) , and can be quickly reconstructed (up to measurement noise) with a linear observer.
Saturated linear OF controller
Recall the simplified model (24a-c), assume for the moment that its load v is known, recall the control output dynamics (24-a), and enforce the closed-loop dynamics Regardẏ as the measurement signal, set the observeṙ
and introduce the coordinate change χ =v − ωy to obtain the reduced-order load observeṙ 
Closed-loop stability and tuning
The application of the preceding OF saturated controller (30) to the bioreactor (8) yields the closed-loop dynamicṡ
whose SS state-control (x,χ,θ) satisfies the six-equation
The uniqueness/ multiplicity of (x,χ,θ) is determined by the number of intersections in the (s 2 , θ) plane of the curves (32a) and (32f). The restriction of the closed-loop phase portrait on the substrate-biomass plane X inherits the geometry of the closed-loop dynamics with the exact model-based nonlinear saturated SF controller (18). According to Seibert's Reduction Principle (Seibert, 1969) , to ensure that (x,χ) is the unique robust globally asymptotically stable SS of the closed-loop reactor (32), it suffices to ensure that: (i) the observer converges and (ii) the asymptotic limiting controller behavior does ensure global robust stability. The observer convergence is ensured by choosing the observer gain larger (or smaller) than a lower (or upper) D) ) determined by the control gain and the size of the desired domain of attraction D, according to the expressions
which are an adaptation of the ones drawn in (Alvarez and Fernandez, 2009 ) using the small-gain theorem. As k and D decrease, ω − (or ω + ) decreases (or increases), and the gain interval (ω − , ω + ) becomes wider. These results are summarized in the next proposition (the proof is closely parallel to the one of a two-state reactor case (Schaum et al., 2012) ). Proposition 3. The closed-loop reactor (2) with the saturated linear dynamic OF controller (30) has the optimal (possibly open-loop LAS but structurally unstable) SSx as robust GAS attractor if (i) The control limits meet conditions (21).
(ii) The controller and observer gains are chosen so that condition (33) Conditions (i) and (ii) of the preceeding proposition ensure global robust convergence to a neighbourhood of the prescribed optimal operation pointx, with size depending on the measurement (ỹ) and exogeneous input (d) perturbations.
From the closed-loop stability assessment associated with Proposition 3, the next tuning guidelines follow [adapted from ]:
(1.) Set θ − and θ + according to (21). (2.) Set k and ω at k ≈ 1 to 2 and ω ≈ 3 to 5. (3.) Increase ω until the response becomes oscillatory at ω + , and back-off at ω = ω + /(2 to 3). (4.) Increase k untill the response becomes oscillatory at k = k + , and back-off at k = k + /(2 to 3). (5.) If necessary, adjust (k, ω) to improve behavior.
Control realization in PI form
In the absence of saturation, the OF can be written as
wherẽ θ = θ −θ, ψ = y −ȳ,χ = χ −χ,χ = aθ − ωs 2 , k p (or τ I ) is the proportional gain (or integratal time). Thus, the proposed saturated robust linear dynamic stabilizing controller (30) is equivalent to a standard PI controller with observer-based antiwindup protection.
CASE STUDY
Consider as representative case example the AD described in Alcaraz-Gonzalez (2001).
Optimal operation, bifurcation map, and control task
The unique solution D, S 1 , S 2 , B 1 , B 2 , of the optimal input-state pair is given by
and the corresponding maximum production rate is P ≈ 368.9molV F Am
The lower (D * ) and upper (D * ) bifurcation values are the open-loop optimal SSx is LAS but not robustly stable because it is close to the upper bifurcation SS x * . This means that variations of the inflow VFA concentration s 2f may lead to the AD process breakdown through washout. 
Closed-loop behavior
In this subsection, the behavior of the proposed FF-OF saturated controller (30) is assessed with nominal and robust testing. Nominal testing means tha tthe controller is run with exact model parameters, noiseless measurements, and noiseless constant exogeneous input at its nominal value. The purposes are the identification of the bahavior with exact model-based nonlinear SF saturated controller (18), and the verification of the behavior recovery property of the simplified model-based OF saturated controller (30). Robust testing means that the controller is run with model parameter approximations, noisy measurements and timevarying exogeneous inputs. Specifically: (i) the reactor was subjected to sustained feed concentration (1 day period, 5% amplitude) sinusoidal disturbances, and (ii) the controller was driven by a measurement signal with (6% standard deviation) noise. The initial conditions are Fig. 3 . Robust closed-loop bioreactor behavior with the simplified model-based linear dynamic FF-OF saturated controller.
at its upper limit D + over (0.08 < t ≤ 0.87, (iii) the VFA concentration S 2 reaches its nominal value within a 98.5% tolerance in about one residence time, and (iv) the SS (S 1 ,S 2 ,B 1 ,B 2 ) ′ is reached in about 6 residence times. These results verify the behavior recovery feature (up to observer convergence) of the proposed OF controller.
The robust closed-loop behavior of the proposed linear dynamics OF controller (30) is presented in Fig. 3 showing 8th IFAC Symposium on Advanced Control of Chemical Processes Furama Riverfront, Singapore, July 10-13, 2012 that: (i) over 0 ≤ t ≤ 0.03d the controller operates at its low limit, (ii) over 0.05 ≤ t ≤ 2d the controller operates at its high limit, (iii) after saturation ceases the reactor reaches in about 1 residence time to a compact (of reasonable size) about the nominal SS.
In accordance with observer-based implementations of nonlinear SF stabilizing controllers (Teel and Praly, 1995; El-Farra and Christofides, 2003) , observer-controller behavior benefits from saturation. Given that the optimal VFA consumption rate has been computed with erroneous kinetics and feed substrate concentration values, there is an asymptotic offset in the production P with respect to its optimal value. This offset can be attenuated by updating the optimal valueS 2 on the basis of the occasional offline substrate measurements that are usually taken for operation assessment purposes.
These functioning results show that the proposed linear dynamic saturated OF controller recovers (up to observer convergence) the behavior of its exact model based nonlinear SF counterpart, (ii) rules out straneous attractors, and (iii) contains a stabilizing anti-windup scheme.
CONCLUSION
The saturated OF control problem for a class of AD and measurement of VFA concentration was considered. The problem was addressed within a geometric framework exploiting inherent reactor dynamic mechanisms in combination with the reactor bifurcation behavior. A simple PI saturated controller was designed for the global robust stabilization of the reactor's optimal (maximum consumption of VFAs) operation point which is open-loop locally stable but structurally unstable. The PI saturated controller with observer-based antiwindup (i) recovers (up to observer convergence) the behavior of a exact modelbased nonlinear SF saturated glbaolly stabilizing robust controller, and (ii) has a closed-loop global robust stability assessment coupled with easy-to-imply tuning guidelines. The controller performance is tested with numerical simulations for a representative case example.
